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Abstract

It is shown that the likelihood function of a Heckman’s simultaneous equations
model is identified by complementing the approach of parameter transformation.
Therefore, the expectation of the log-likelihood function has a single maximum.
Thus, the maximum likelihood estimator becomes asymptotically consistent without
an initial consistent estimator. Additionally, the approach can show the uniqueness
of the log-likelihood functions for the simultaneous Tobit, sample selection (Type 2
Tobit), and simultaneous generalized selectivity models.
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1 Introduction

We consider two structural equations of the following form

vii = [Biy2i +Y12i +ui, and (1.1)
yoi = T{Bayri + Bsy2i + YHzi + u2; > 0}, (1.2)

where y1; and y9; are endogenous variables, and z; is the K-variate exogenous variables
independent of the error terms. The error terms (uy;, ug;) follow a bivariate normal
distribution with zero mean, i.e., £[u?,] = 0% > 0 and Efugugy] = o012 (03 < o2).
Without loss of generality, we use the normalization of £[u3;] = 1. The indicator function
I{.} takes the value of 1 if the argument is true; otherwise, it is 0.

These structural equations constitute a simultaneous equations model investigated in
a seminal paper by Heckman (1978). We show that the expectation of the log-likelihood
function has a unique maximum using the reparametrization method proposed by Olsen

(1978) to prove the uniqueness of the maximum likelihood estimator of the Tobit model.
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The motivations of this study are as follows. First, the transformation from the
maximum likelihood estimators of the reduced form to the structural parameters of
interest is complex in this model. Therefore, we consider the full information maximum
likelihood (FIML) estimator that directly estimates the structural parameters. Second,
an initial consistent estimator is useful if multiple maximization points exist. Although
Blundell and Smith (1994) proposed the conditional maximum likelihood estimator that
can simply estimate the structural parameters, its second structural parameters of (1.2)
are normalized, and an exclusion restriction for the first structural equation of (1.1) is
used. Thus, an initial consistent estimator for our FIML estimator seems to have been
unavailable. Although we present an initial estimator, the procedure is a three-stage
estimation. Third, if the uniqueness of the maximum likelihood estimator is guaranteed,
the efficient estimator can be obtained directly without the initial estimation procedure.
Additionally, structural analysis can be performed under less assumptions if the first
structural equation does not require a zero constraint. Thus, our approach makes the
Heckman model easier for practitioners to use.

The remainder of the paper is organized as follows. Section 2 explains the log-
likelihood function and reparametrization method. Section 3 presents the conclusions.

2 The log-likelihood function and result

Following Heckman (1978) and Blundell and Smith (1994) for deriving an estimator,
we assume that 818 + B3 = 0, which is called the principal assumption or coherency
condition. This condition contributes to the uniqueness of solutions of the nonlinear
simultaneous equations model. The substitution of (1.1) into (1.2) yields

y2i = W{(B1B2 + B3)y2i + y5; > 0}, (2.3)

where yb, = whz; + vo;, 7hHz, = (B2Y) + ¥5)2zi, and ve; = Poui; + ug;. Then, the reduced
form y9; = M{y3; > 0} is uniquely determined under the coherency condition. We can
also construct a maximum likelihood estimator.

Heckman (1978) proposed the maximum likelihood estimators of reduced and struc-
tural forms. This study investigates the FIML estimator that directly estimates the
structural parameters of the first and second structural equations. The likelihood be-
comes a function of the parameters 8 under the coherency condition and an exclusion
restriction, where 8 = (f1, B2, V1, Y51, 05 012) and v9; = (Y21, Y22, 5 Ve(r—1))-
For ¢ = 1, ---, n, the contribution to the likelihood function by observation #i is
0;(0) = £%% 45" where

o0 0
by 2/ fyiis y2)dys; s loi = / [, y5:)dys; (2.4)
0 —o0
and f(y1i, y3;) stands for the joint-density function.

Assumption (i) E[zy,z;,] is nonsingular, where zy, = (Elyilzi], z;)". (i) For k =



K, yor, = 0 and 1y, # 0 . (iii) E[22] is bounded. (iv) The parameter space ® C R*E+3

is compact. (v) {z;, uii, ug;}j—, are independently and identically distributed.

The first assumption indicates the absence of multicollinearity. The second one indicates
the exclusion restriction to identify the structural parameters. It means that the last
variable, z;x, of the second structural equation is the excluded variable without loss of
generality. Thus, we obtain the relation v5z; = (75, 0)z; = ~v5z2;. The third and
fourth assumptions are used for the existence of the expectation of Hessian. Theorem
derives the results for the contribution to the likelihood function by observation #i, so
that the fifth assumption is not used in the proof. However, the assumption is neces-
sary for our statements related to the consistency or limit of the log-likelihood function
1,(0) = (1/n) Y 1, 1;(0), where [;(0) is defined below. This is because these asymptotic
results are obtained by [,,(8) % £[log £;(8)] as n — oo under the fifth assumption.

As derived in the appendix, the contribution to the log-likelihood function by obser-
vation #i is represented by

1 2 _ . .
1;(0) = log (27r02)7E — ul; + 1o; log @ <m> + (1 — y2;) log @ ( uz) , (2.5)

20 o3 o3

2

uii = yui — Biyei — V1%i » i = Bayin + Vo122 + %uu ,and of =1— % ., (26)
where @ is the cumulative normal distribution function, o3 = €[u3,], and us; = (012/02)u1;—
ug;. The FIML estimator is obtained by maximizing the log-likelihood function 1,,(8).
The contribution of the log-likelihood function (2.5) becomes highly nonlinear in the
parameters. Thus, Heckman (1978) suggested constructing a second-round estimator.
If multiple maximization points exist, the second-round estimator is constructed us-
ing a consistent estimator for the initial value to obtain consistency and efficiency (cf.
Amemiya, 1985).

Olsen (1978) proposed parameter transformation such that the log-likelihood function
of the Tobit model becomes quasilinear in parameters. For instance, (y;1 — v}2;)/0 be-
comes wy;1 —vy,,2i under w = 1/0 and v, = v, /0; thus, it is linear in the transformed
parameters. He established the global concavity of the log-likelihood function for the
transformed parameters. Meanwhile, the likelihood function of Heckman’s model is par-
tially similar to that of the Type 2 Tobit model, which also has a correlation parameter
between equations, such as o15. These log-likelihood functions are not globally concave
using a parameter transformation. In Heckman’s model, the log-likelihood function has
the term 7, (wy;1 —7),,2:) in ® after some parameter transformation, where the param-
eter m, relates to o12. It means that the products of parameters remain, such as m,7v;,;
thus, it is not linear in the parameters. However, Olsen (1982) and Zuehlke (2021) stated
that the Type 2 Tobit model is globally concave conditional on a correlation parameter.
It is also true for Heckman’s model, given m,. To show that m, can be given as the true
value, we introduce a higher-order derivative for an identity of the density function in



the proof by contradiction. This differential calculus complements the reparametrization
approach.
The proof of the theorem is given in the appendix.

Theorem Let Assumptions (i)-(iv) hold. Then,
(1) @ is identified without exclusion restrictions for the first structural equation;
(73) @ # 0 implies log £;(0) # log £;(0y); thus, E[log £;(0)] has a unique maximum at the

true value 6.

The advantage of the first result is that we do not have to use the instrumental vari-
ables for the first structural equation. The second result describes the identification
of the density function. Thus, the limit of the log-likelihood function attains a unique
global maximum at 6. The advantage of this result is that the FIML estimator is
asymptotically consistent without an initial consistent estimator.

Blundell and Smith (1994) discussed the simultaneous probit, simultaneous Tobit,
and simultaneous generalized selectivity models and proposed the conditional maximum
likelihood estimator for the structural parameters.

First, their simultaneous probit model is identical to our Heckman’s model; therefore,
we can apply the Theorem. Their consistent two-stage estimator of the simultaneous
probit model is based on the following;:

5. — ~ _ Ba - ’)’/21 012 -
Pr(ys =1z, t;) = @ —=f12i + 22 + —5Uu (2.7)
o3 o3 030
1 N ’ 012 .
~ & <—03& {ﬁQ?/le’ + Y2122 + ﬁuu} : (2.8)
where f10; = y1; — Blygi and (Bl, @1;) is the estimate of the instrumental variable

estimator and its residual from the first structural equation, respectively. Thus, the
normalized parameters from fB2/03 to o12/(0302) of (2.7) can be obtained using the
probit estimation. To obtain an initial estimator for efficient estimation without an
instrumental variable, we slightly modify their estimator (2.8), where §12; = y1; — Blygi,
035 = (1 —02,/6%)Y2, and (B1, 6, i) is the estimates of a nonlinear two-stage least
squares estimator and its residual. The nonlinear two-stage least squares estimator
and consistency including o19 of the modified estimator are discussed in the appendix.
Although we can construct the initial consistent estimator for the FIML estimator, the
procedure requires three-stage estimation and nonlinear probit estimation of (2.8).
Second, the simultaneous Tobit model under the condition 182 + 33 = 0 is the model
with the second structural equation of (2.3) replaced by the following Tobit model

yo2i = T{ys; > 0}ys; - (2.9)

This simultaneous equations model becomes a simple case of that proposed by Amemiya
(1974). Our approach can derive the same results of Theorem for the simultaneous Tobit
model, as shown in the appendix.



Third, the simultaneous generalized selectivity model is obtained by replacing the
second structural equation of (2.3) with the following Type 2 Tobit model

yoi = T{y5; > 0}ys; - (2.10)

This simultaneous equations model constructs an extended model of Heckman (1979).
The proof method also clarifies the identification of the density function of the Type
2 Tobit model. The simultaneous generalized selectivity model has three endogenous
variables, increasing correlation parameters. The proof method can be generalized to
the three simultaneous equations model using a cross-partial derivative to obtain the
same results of Theorem, as shown in the appendix.

The above results are summarized as a corollary of Theorem.

Corollary Let Assumptions (i)-(iv) hold. Then, for the simultaneous Tobit and gener-
alized selectivity models,

(1) The structural parameters are identified without exclusion restrictions for the first
structural equation;

(ii) The log of the density function is identified; thus, its expectation has a unique max-

imum at the true value.

3 Conclusions

This note demonstrated that the uniqueness of the objective function of the FIML
estimator for a Heckman’s model using the reparametrization method. Therefore, we can
obtain the consistent and efficient estimator by maximizing the log-likelihood function
directly. Furthermore, we proposed a complemented reparametrization method using
some differential calculus. The proposed method can also be used for similar models to
show the uniqueness of the maximum likelihood estimator.

Appendix

Proof of Theorem : First, we present the contribution to the likelihood function by
observation i. Under 83 = —f31055 ,

o0
by = / g(u1i, ug;i)dug;
B1B2—P2y1i—"Y 5 22i

1 ) —B1B2+u; A\ 1
= —¢ (ﬂ) / ) <@> — dus;
g (2 _ g3 g3

[e o]

= %gﬂ) (%) p(uy;) , and (A1)
boi = ééf) (%) (1 —p(ui)) » (A.2)



where ¢ and ¢, are the joint and normal density function, respectively. The second
equality arises from the variable transformation to uz; = (012/0%)u1; — ug;, and yy; =
B1y2i +7)zi +uq; is substituted at the third equality, with p(u1;) defined by (A.5). Given
z;, for any 0 the following holds,

o0

Z / €Z(O)duh =1. (A3)

y2:=0,1" —
Proof of (i) The outline is as follows. (i-1) shows the identification of the structural
parameters of the first structural equation without an exclusion restriction using the
nonlinearity of E[ya;|z;] = ®(mwhyz;) in z;. (i-2) clarifies that @ has a one-to-one corre-
spondence with a transformed parameter 6, which is identifiable.
(i-1) The first structural equation is given by

i = Pi®(mz;) + ¥ z1 + (w1 + Boyai — LaP(mhyzs)) | (A.4)
where T = mo/wo, ws = 5[1;%@-] and wy is positive by 03y < 02. g is identi-

fied by the expectation of the log of the probability function of the probit model,
Pr(ys = 1) = Pr(y3;/ws > 0). This is because of its global concavity and Assump-
tion (i). Then, (81, 7)) is identified from a nonlinear two-stage least squares estimator
on the population, i.e., (51,7}) = 8[z¢iz;i]*15[z¢iy1i] where €[zg;z,,] is nonsingular
from Assumption (i). Then, uy; is identified as the residual, and o is determined by
E[u2.]. Therefore, we do not use an exclusion restriction for the first structural equation
in the above derivation.

(i-2) Consider the three-stage probit maximum likelihood estimator for identifying the
parameters of the second equation. Given uy; by the residual, the conditional probability
Ely2ilzi, uy;) is given by

3

1 012
plu) = @ (J— {77/2Zi + Bauy; + ?uu}) , (A.5)

since yo; = ]I{ﬂ'in—i-ﬁguu—i-(mz/JQ)uu > ug; } and us; is independent of uy; and z;. The
probit model identifies the coefficients again by the nonsingularity of £[(z], u1;) (2}, u1,)].
The reduced form coefficients (7, 7,) are identified and have the following relation:
(my, mp) = (w03, (B2 + 012/07)/03) .

Using (f1, 7}, o) and (75, m,), we show that (82, 5, o12) is identified. From
Assumption (ii), B2/03 is identified by msx /y1x. Moreover, v4, /o3 = 5 — (B2/03)7],
except for k = K. For 019, 012/03 = Uz(ﬂp—ﬁg/ag) =g ,l.e., 010 = 7r12(1—0%2/02)1/2.
By solving it for 015 , we obtain that

+ i (A.6)
o12 = — .
12 1+ 73y 02’

where the sign is identified by sgn(mi2). Then, o3 = (1 — 03y/0%)"/? is determined.
Therefore, 55 is identified by (f82/03)03, which is also true for 7.



Thus, 0 is identified; it has a one-to-one correspondence with 61 = 61(0) = (51, v, o, 75, m,)" .
|

Proof of (ii) The outline is as follows. Our strategy is that if the density function
is not identified, then the result contradicts Jensen’s inequality (ii-1, ii-4). Thus, we
consider the global concavity of 1;(61), which is generally concave if the arguments of ¢
and ® become linear in the parameters (e.g., Olsen, 1978; Pratt, 1981). However, the
transformation by 64 is insufficient for linearization. Moreover, (ii-2) is the essential part
and derives that using partial derivatives, 1/0 and 7, can be fixed at the true values.
Thus, we obtain linearization for the remaining parameters. Compared with Jensen’s
inequality, (ii-3) checks the concavity in the sense that £[;(61)] is globally concave given
1/o and 7, = om,. Although linearization is sufficient by fixing only 7, with the trans-
formation w = 1/0, we fix o because the third-order partial derivative can only identify
up to .

(ii-1) We use the transformed parameter 6, defined above, and put 6y, to distinguish
the true value. Suppose that some 01 # 6 exists such that [;(61) = 1;(6¢1) for any
given (yi1i, Y2i, Z;), i.e., these values are the same as the density function. Through the
representation of (A.1) and (A.2), we obtain the identity

1 7 i —Y2i
1;(01) = log ;gf) (%) ) (Trézi + Wpull-)yQ (1 — O(mhz; + Wpull-))l b2

1 U014 i 1-y2i
= log 0_o¢ ( UOSZ) ® (moszi + mpouoni) " (1 — @(moszi + mpouoni)) (AT)

where u1; = y1; — f2y2i — ¥}2i, and the representative subscript 0 is evaluated at the
true value 6.

(ii-2) Partial differentiation is possible with respect to y1; by changing only the error
term wug1;. The third-order partial derivative for yy; is also the identity given by

Yio 7 (T32; + Wpuli)ﬂ-z — (1 — y2u) h(myz; + Wpuli)ﬂ-/g;
= yio P32 + moorori) o — (1 — y2s) h(mwh32zi + Tpouori)mop (A.8)

where r(z) = ¢(x)/®(z), h(z) = ¢(x)/(1 — B(z)), 7 = 9%r/dx?, and h(z) = 8%h/dz? is
the second derivative of the hazard rate, which is a(z) = h(z)[(2h(z) —z)(h(z) —z) —1] .

Suppose 1, # 7. Then, take yo; = 0 and y1; as y1; = 1/(m, — mp0)[(703 — 73)'2; +
(TpY1 — TpoYo1) 2, respectively. It is the same that the error term ugy; is evaluated at
y1i — Y012i and ugs; satisfies the inequality m(3z; + Tpoloti < Uozi at (A.b), where z;
is not restricted. Then, m(32; + Tpouo1; = 752; + Tpu1; , so that h(m) is equal on both

sides:
ﬁ(wézi + Wpuli)ﬂg = h(ﬂ'gZZ + ﬂpuli)ﬂgo . (AQ)
The convexity of h(z) is known, i.e., h(z) > 0 for any z, so that we obtain T = Wzo

dividing by it. However, it contradicts the assumption that m, # 7w, . Therefore,
T, = Tpo is a necessary condition for the identity of (A.7).
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Similarly, the second partial derivative of y1; under yo; = 0 yields the following;:

1 . 1 .
_E + h(ﬂ'gzi + Wpouli)ﬂ-zo = —? + h(Tl'/03Zi + 7Tp0u01l')7'('l2)0 , (AlO)
0

where i(x) = Oh(x)/0z = h(z)(h(z) — x). We can take 74z; + Ty0t1; = Th3Zi + TpoUo1i
under 7,9 # 0, then, o2 = 08. If mpo = 0, then o2 = 0(2) also holds. Therefore,
the arguments of ¢ and ® of [;(61) become linear in the remaining parameters given
(7Tpa o) = (7Tp0a 00)-

(ii-3) Let 03 = (w, Biws Y1y, 5, 7w)' be the parameter transformation such that
w = 1/o, i = Bi/o, Y1, = 71/0, and 7w, = om,. Then, there exists a relation
Tpu1; = Ty (WY1i — Prwl2i — Viw2i)- We show the global concavity of £[1;(02)] = E[l;(1,)]
with respect to the vector ¥y = (Biw, Vi, T4), given w = wy = 1/0¢ and m, = oo, -
For any nonzero vector t = (t}, t})’, the quadratic form of the Hessian is given by

D?1i(1hy)

E [t'wt} =& [—(t'lzyi)2 +g(zm)(—ao7rp0t'1zyi +t'2zi)2] , (A.11)
20Y),

where z,; = (y2i, 2,)', 2ri = ™z + Twours, 7(x) = Or/0x, and §(zxi) = y2ir(2ri) — (1 —
y2i)h(zm') .

For t1 # 0, if £[(t}zy,)?] > 0, then (A.11) is negative since §(zr;) < 0, where 7(z) < 0
and h(z) > 0 are known for any z. Suppose £[(t}2,:)?] = 0 for some t; # 0. Then, t}z,,
is degenerated, t}z,; = 0. Take the conditional expectation, t11®(mwhyz;) + ti9z; = 0,
where (f11, t}5)" = ti1. Then, we have the relation t;&[z4z);] = 0" or t; = 0 by
Assumption (7), which contradicts t; # 0. Therefore, (A.11) is negative.

For t; = 0, it holds that ts # 0 by the definition of t. Then, (A.11) equals
E[9(zri) (thz:)?].  Suppose to # 0 exists such that E[yh(zy)(zit2)?] = 0. Then,
ygih(zm)(t’zzi)Q = 0, since it is a nonnegative random variable. Moreover, yo;(t5z;)? = 0
by h(zri) > 0 and (thz;)?> = 0 by E[yai|zs]) = ®(whyz;) > 0. Since E[z;2}] is nonsingular
by Assumption (i), t2 = 0, which is a contradiction. Thus, using similar arguments,
we obtain that &[yai(zri)(thz:)?] < 0 and E[(1 — yos)h(zri)(thzi)?] > 0. Therefore,
E[9(zri)(t52:)?] < 0 for any t3 # 0, meaning that E[0%;(v5)/0,010})] is negative defi-
nite and indeed exists, as shown below.

We show that

0*Eli(v,)] 9%1i(1s)

— T2 | ——Z . A.
T [8%6«/:’2} (A-12)

To verify this condition, we consider the interchanges of the derivative and expectation:

OE [l (1)) :5[%(%)] a0 g[alz%)} :g[M] (A1)

v, LU Oy Oy 09,
Let e, = (0, ---, 1, ---,0) whose k-th element is only unity. For the second equality,
9li(v,)
e — "2 e | < (€)12y)% + |§(2ri) | (00T p0€L 12y + €h0zi)? | A.l4
e < €z + ()| (~aomoeham, + efaz) (A14)




where €}, = (€},,, €,). Using the relations that r(z) = h(—x) and h(z) = h(z)(h(z)—z) ,

9(zei)| < yaill(—2zai)| + (1 = yai) [ (zai)]
1, (A.15)

IN

where the last inequality is from 0 < A(z) < 1 since 0 < 1+h(z)z—h(z)? < 1is given by
Heckman (1979). From Assumption (iv), the parameters are bounded, and there exist
positive constants ¢ such that

9%l (vy)
e, ——~"%¢
k00l

K K
< o+ Y erlzin)? + (co+ Y erlzinl)? as. .
=1 k=1
(A.16)

The expectation of the right-hand side is finite under Assumption (iii). Under similar
arguments, the case holds for the off-diagonal elements of (A.13). Therefore, the moment
of the Hessian of (A.13) exists and the second equality is valid according to Lebesgue’s
dominated convergence theorem. Similarly, the first equality of (A.13) can be shown.
Thus, we conclude that ?£[l;(104)] /01,01 is negative definite, i.e., E[l;(1)5)] is globally
concave.

(ii-4) Now, 61 # 6o1 implies 1Py # 1Pgy, since 7, and o are fixed at 7y and oy,
respectively. Therefore, for some A such that 0 < A < 1, we obtain

Eli(802)] = AE[Li(Y2)] + (1 — A)E[li(tho2)
< EliMpy + (1= N)pge)] = E[1:(62)] (A.17)

where 0 = (wp, (Mby + (1 — N)pgs)’, mwo)’. The first equality is from the identity.
Meanwhile, we have £[1;(02)] < £[1;(602)] by (A.3) and Jensen’s inequality, which is a
contradiction.

Therefore, the first assumption 61 # 6y, is false, and 61 = 6y, is necessary for the
identity. Its contraposition is that @1 # 0¢; implies [;(61) # [;(6p1). Then, Jensen’s
inequality strictly holds, £[1;(01)] < £[li(001)] . Under Assumption (ii), @ has a one-to-
one correspondence with 61. Therefore, the true value 8y of @ is a unique maximum
point. Thus, we obtain the desired result. |

Using the strategy of the above proof under Assumption, we consider the consistency
of the modified initial estimator and clarify the essential part of the proof to identify the
simultaneous Tobit and generalized selectivity models.

Initial estimation : This part considers the consistency of the modified initial estima-
tor of (2.8). We can assume that the true parameters of the first structural equation are
given. This is because these can be consistently estimated in advance from the nonlinear
two-stage least squares estimator on the sample space, as discussed in Proof of (i). Then,
the representation of (2.8) becomes p(uy;) of (A.5), since y12; = y1; — S1y2i = Y12i + u1;-



Hence, the conditional probability given wugy; is given as follows:
0} (TI'gZi =+ WPUOM)yQi (1 — ‘I>(7rgzl- + WPUOM))l_yQi , (A18)

where 0 = 0¢ is given in w3 and m,. Since ugi; is evaluated at the true value, the
remaining parameters (82, 5, 03, 012) of (2.8) are identified by the same arguments
of Proof of (i). Then, the consistency of the modified estimator is shown. [

Simultaneous Tobit : In this part, we identify the structural parameters and density
function for the simultaneous Tobit model.

(1) Elyailzi] = [7hz, + wad(mwhez;)/P(7hyzi)|P(7hez;) is nonlinear in z;, and its pa-
rameters is identified by the expectation of the log of the density function of standard
Tobit model according to the result of Olsen (1978). Hence, similar to Proof of (i), the
structural parameters of the first structural equation can be identified by a nonlinear
two-stage least squares estimator on the population without an exclusion restriction.
We redefine 0 = 03 — 03,/0?, where 03 = £[u};] is the structural parameter to be
added instead of 03 = 1. The standard Tobit model given u1; of (A.5) can identify o3,
and 019 = w103 holds since the Tobit model contains the probability function of the
probit model. The additional parameter o3 is determined by o3 + 035/0%. Therefore,
0, = (0', 03) is identified. [ |

(ii) Using the representation ys; = whz; + (B2 + 012/0%)u1; — ug;, the Jacobian of the
variable transformation from (yi;,y2;) to (u1;, us;) becomes unity. Then, for the density
function of the simultaneous Tobit model, we suppose the following identity:

1 uig i 1—wy;
li(ng) = log ;gb (%) (W3¢ (wgygz‘ — ﬂgZZ‘ — Wpuli))w2 (1 — <I>(7'r'3zz~ + ﬂpuli)) w2

1 U1 i
= log —¢ ( UOZ> (wo3e (wosy2i — woszi — Tpotors)) (1 — (w32 + Tpotori))

g0

where wo; = M{ys; > 0} and ws = 1/03. Then, the transformed parameters become
01 = (0), ws)'. Considering the third-order partial derivative of y1; under wo; = 0, we
obtain the conditions (7,, o) = (7,0, 0o) from the result of Proof of (ii). The arguments
of ¢ and ® become linear in the parameters given the conditions (1/o, m,) = (1/00, )
and transformation ws = 1/03. The remaining part of the proof is similar to Proof of
(ii). Thus, the identification of [;(61;) is obtained. Moreover, 61, has a one-to-one
correspondence with 6. Then, 61, # 019 implies that 6, # 0.9 and [;(0;) = 1;(601,) #
1;(0170) = 1;(0+0). Therefore, the density function with 8, of the simultaneous Tobit
model is also identified. |

Generalized selectivity model : In this part, we identify parameters and density
function for the simultaneous generalized selectivity model. The third reduced form is

given by y3; = 74, 2; + v3;, where u; = (uy;, ug;, vz;) follows a normal distribution with

zero mean and E[v3;] = 1, and E[u,u}

'] is positive definite.
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(i) The reduced form parameters of £[yz;|2;] = [752; +wasp(mh, z;)/®(7h, 2;)| D (7h, 2;)
where wog = E[vgvs;] are identified by the density function of the Type 2 Tobit model,
as shown below.

Type 2 Tobit : Similar to Proof of (ii), we suppose the following identity, where the
original parameters of the density function are 8, = (7}, wa, wos, 71'%*)/2

1 i 1 Y3i o .
1;(61) = log (—(b <U—2> ) <w—47rg*zi + 7T7-UQZ‘>) (1 — @(w’g*zi))l Ysi

w2 w2
1 V02i 1 , Y3i ) e
= el C | S0 ‘ 1-o ) ¥ 20
o (w02 i <w02 ) (w04 034 T Tr0v02 ( (m03.2:))  (A.20)

where yg; = T{y3; > 0, 7, = was/(whw), and wy = (1 — wiy/wd)V2 = (1 - wdn2/(1+
w3m2))/2. Therefore, the transformed parameters 01, = (), wa, 7, 75,)" do not
include wy. The representative subscript 0 is evaluated at the true value. The third-
order partial derivative of y2; under y3; = 1 yields the following:

7.“'((1/(.4}4)71'&*% + 7rTv2i)7r§ = 7.“'((1/(.4}04)71'63*% + 7T70?)02i)7T§0 . (A.Ql)

Suppose 7; # w0 and take yo; = 1/(mr — mr0)[(T034/wos — T34/ w4)'2i + (Mr72 —
Tr0m02) zi]. Then, #((1/wy)mh, 2; —|—7T7-’L.).2i)7'('§ = #((1/wa)mh,2i + Trv2;) T2, OF Tr = Trg 18
the necessary condition, since #*(x) = h(—x) > 0. From the similar arguments of Proof
(ii), wa = wp2 holds. Therefore, wy can also be fixed at the true value. The arguments of
¢ and ® become linear in the parameters given (1/ws, 1/wy, m;) = (1/wo2, 1/wo4, Tro).
Thus, the identification of [;(01,) is shown. Moreover, 81, has a one-to-one correspon-
dence with 8, because w3 = +(win2/(1 + win2))Y/2, where the sign is determined by
sgn(m;). Therefore, the density function with 6, of the Type 2 Tobit model is identified.
|

From the above result, a nonlinear two-stage least squares estimator based on &[ys;|z;]
can identify the structural parameters of the first structural equation without an ex-
clusion restriction. The structural and reduced form parameters of the simultaneous
generalized selectivity model become 0, = (0., 013, 093, m5,), where o135 = E[u;v3i]
and 093 = E[ugvs;]. Meanwhile, the transformed parameters 1. = (0., 7, 7\, 75, )
defined by (A.22) can be identified. Consequently, 8, has a one-to-one correspondence
with 01, because 013 = 1,02, 093 = E[((012/0%)u1; — ug;i)vsi] = Teo12 — mro3 and Oy,
has a one-to-one correspondence with 8,. Therefore, 6, is also identified. |

(ii) We use the representation vs; = (013/0%)u1; + (033/03)us; + v4;, where o3 =
Elurivs;] and o33 = E[us;vs;]. For the density function of the simultaneous generalized
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selectivity model, we suppose the following identity:

1 juny [ 1 ; 1 usi
li(01.) = log ;ﬁb (u1 > [—ﬁb (y—2 — Wz — 7Tpu1i> o <J—4 {m,2; + Tou1i + 7T)\u3i}>]

o o3

1 , 1-ysi
X |:1 - (0_—5 {71'3*ZZ' + 7ro—u1l‘}>:|

g3

00 003 003

1 . 1-ys;
X |:1 —d <0_—05 {7703*ZZ‘ + 7'(_0—0'11,011‘}):| s

where 7, = 013/0%, T\ = 033/03, 04 = (1 —720% —7202)Y/2 and 05 = (1 — 0% /0?)}/? =
(1 — 720%)1/2. Therefore, the transformed parameters 81, = (0',, 7,, m, m5,)" do not
include o4 and o5. The representative subscript 0 is evaluated at the true value. Partial
differentiation is possible with respect to y1; by fixing vge; and wvgs;, which is also true for
y2;. Consider the third-order partial derivative of y1; and taking y3; = 0, the conditions
Te /05 = Te0/005 and o = o( are obtained from the result of Proof of (ii). Then, we
have 013 = +[03(T50/005)%/ (1 + 03(T40/005)%)]/? where the sign of o3 is determined
by sgn(myg). Hence, m, = 1,0 and o5 = 095 can be fixed.
The first partial derivative of y2; becomes

U4 (RY
—5 51+ yszi | —
o

where g(u;) = (1/04)(7h,2; + mou1; + myus;) and go(uoi) = (1/004)(703.2i + TooUori +
TxoUo3i), and mg and mgy are defined by (A.25). (A.23) is obtained since us;/o3 =
—Yoi/03+Th2z;+7pu1; and yo; = 0 is constant in (1—ys;) log[1—®((1/o5) {7, zi+mou1;})].
The cross-partial derivative is given by the partial derivative of (A.23) with respect to
y1i, and taking ys3; = 0, it follows that /02 = Bo1/0?. Therefore, we obtain the
condition By = By;.

We have the following third-order partial derivative of y1; and y9; under y3; = 1,
respectively:

.. Mg + TAT 03 3 .. Tz0 + TAOT 0003 s
(g (u;)) T or = 7(go(uo;)) oo ,and  (A.24)

Flalu —Bime — mA(1 + wp03ﬁ1)>3 o (s <—5017Tgo — (1 + 7rp0003501)>3
(w0 i (90(u0i) o
(A.25)

Taking g(u;) = go(uo;) is possible for some realized values of wgi; and wpz;. Thus, we
obtain 7, = m0 and mg = mgg since #(x) > 0, where 7y = (7, + TAT,03) /W4, Tao =
(Te0+Tr0Tp0003) /woa, T3 = (—P17e —mA(1+7,p0351)) /04, and may = (—Lo1Te0 —mro(1+
Tp00030501))/004-

12

log ;ﬁb ( Z) [—ﬁb ( ~ — w32z — Tpotoli | P o0l {m03.2i + Toou01; + Tr0U0S: }

(A.22)

1 U1 uozi [ 1
p <03 +7Tp51> +T(9(Uz))ﬂﬂ] =2 Bot + Y3 [003 <003 +7Tp0501) +T(QO(U01))7TBO] ,

(A.23)



Then, we obtain the second partial derivatives of y1; and y9; under y3; = 1 as follows,

respectively:
1 2 . 2 1 2 2
ik 7(g(u))ms, = — 2o + 7(go(uoi))m, , and (A.26)
B (1 2. B (1 2
——; — |\ = +mb) + T(Q(Uz‘))ﬂg = ——é - + M1 ) + T(QO(UOi))W% .
o o3 o 003

(A.27)

The cross-partial derivative under ys3; = 1 is given by the partial derivative of (A.23)
with respect to yi;:

181 7Tp ]. . /81 7Tp0 1 ",
o2 T oy g TP ) Tilglu)mams = 25+ T 5o F 0P ) + Hgo(uoi))mams
(A.28)

Taking g(u;) = go(uoi), we obtain the following nonlinear equations with respect to 7,

and o3 given B1 = Por:

7rl2) = 7Tl2)0 , (A.29)
1 2 1 2
<— + Wp,ﬁl) = (— + 7Tp0,81) , and (A30)
g3 003
1 1
Te (— + 7rp61> = 0 (— + 7T,;0ﬁ1> . (A.31)
03 \03 003 \003

If 70 = 0 or fo1 = 0, then o3 = 0g3 by (A.30). Squaring (A.31), we have 7'('3/0'% =
720/063, if 1/003 # —7pofo1 and mfor # 0. Thus, o3 = ooz holds. When 1/003 =
—m0B01 and w801 # 0, it follows that 1/0% = ﬂz,@% = 1/03;. Therefore, we obtain
o3 = 0p3. From 7, = £, and (A.30), it follows that 7, = 7, under By; # 0. If
Bo1 = 0, then 7, = 7,0 holds by (A.31). Thus, we obtain 7, = 7.

Using above results, 73 = g0, and fp17a = Soimao of (A.24), we have the relation
that mx\(1 4+ 7p,003801 — Tpy003601) = ™ = —(7g0 + Bo17a0)04. Therefore, by solving it
for ), we obtain

— 4 (mg0 + Bo17a0)?(1 — Wgoag) A .39
™™\ — 1 2 2 ) ( . )
+ (w0 + Bo1Ta0)? 05

where the sign is determined by sgn(—(mg0 + So17a0))=sgn(mr0). Thus, we obtain my =
Txo since myg also satisfies the relation myg = —(mg9 + Bo17a0)o04. From (A.32), we
obtain that o4 = og4.

Therefore, we have the following conditions:

(]-/O-) 1/035 1/045 1/055 7Tpa To, 7T>\) - (]-/O-O) ]-/0-03) 1/0-045 1/005) TrpOa 50, 7T>\0) .
(A.33)

Thus, the arguments of ¢ and ® become linear in the parameters given these conditions.
Additionally, the identification of /;(014) is shown similar to Proof of (ii). The density

13



function with 6, of the simultaneous generalized selectivity model is also identified since

01, has a one-to-one correspondence with .. [ |
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