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Abstract

Scholars are interested in not just what event happens but also when the event

happens. If there is dependence among events or dependence between time and events,

however, the currently common methods (e.g. competing risks approaches) produce

biased estimates. To deal with these problems, this article proposes a new method of

copula-based, ordered event history analysis (COEHA). A merit of working with copu-

las is that, whatever marginal distributions time and event variables follow (including

the Cox model), researchers can derive whatever joint distribution exists between the

two. Application of the COEHA model to a dataset of civil war answers two contro-

versial questions. First, as wars become longer, rebel victory becomes more likely but

settlement does not. Second, stronger rebels make wars longer but do not necessarily

tend to win, as experts predict but fail to establish.

Key Words: Competing risk, Interdependence, Separate estimation, Rebel, Intrastate

conflict

Note: Appendices and replication files for this article are available online.
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1. INTRODUCTION

Scholars have been interested in not just what event happens but also when those events

happen. The running example of this article is civil war duration and outcome (e.g. gov-

ernment victory, rebel victory or settlement). At first, scholars examined these two aspects

separately, which I call a “separate estimation” approach. Some studies analyze duration,

but not outcome, by event history analysis (Regan 2002; Fearon 2004). Other works consider

outcomes, but not duration, by (multinomial) logit models (Mason and Fett 1996; Mason

et al. 1999), where duration is sometimes an exogenously given independent variable.

Recently, social science research is beginning to deal more directly with the fact that what

happens depends on when it happens, because people behave strategically. In the context of

civil war, how or why a conflict ends is related to when it ends, because “[g]overnment and

rebels make decisions with both the outcome and expected duration in mind” (DeRouen and

Sobek 2004, p. 304). In order to deal with both time and events simultaneously, researchers

employ a “competing risks” (hereafter, CR) approach (DeRouen and Sobek 2004; Balch-

Lindsay et al. 2008; Brandt et al. 2008; Cunningham et al. 2009; Thyne 2009; Akcinaroglu

2012). Here, duration is an endogenously generated dependent variable.

This article, however, argues that even the CR model has two problems. First, the CR

model’s assumption of conditional independence among risks is violated if the timing of

one type of event’s occurrence depends on the potential timing of another type, even after
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controlling for some covariates. I call the situation “dependence among events.” In general,

categories of many discrete event variables are of an ordered nature and, in that case, there

should be dependence among events. Second, the CR model suffers from bias if there still

remain omitted variables (e.g. unobserved or unobservable military strength of government

or rebels) which affect both duration and outcome even after controlling for some observed

covariates. I call the situation “dependence between time and events.” Unfortunately, in

the real world, these two kinds of dependence often arise. In an example of civil war,

Cunningham et al. (2009, p. 587) are concerned that, “if one of the parties is likely to win a

conflict militarily, the willingness of the other party to make concessions should also increase

and make agreements more likely. Furthermore, certain outcomes may become or less likely

over time relative to the others.” That is, they warn that dependence among events and

dependence between time and events are present in their civil war data.

To address these two types of dependence, this article proposes a new method: copula-

based ordered event history analysis (COEHA). It models the joint distribution of latent

time and ordered event variables by taking advantage of a “copula” function (which will be

explained shortly). A merit of the copula is its flexibility and modularity, that is, what-

ever marginal distributions time and event variables follow, analysts can derive any joint

distribution that exists between the two. This study applies the COEHA model to the civil

war dataset of Cunningham et al. (2009) and gives answers to two controversial questions.

First, some studies demonstrate that longer wars lead to settlement, while other works show

that longer wars result in rebel victory. This article agrees with the latter finding. Second,
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Cunningham et al. (2009) predict that stronger rebels do not necessarily win, though their

own analysis using the CR model implies that stronger rebels tend to prevail. My reanalysis

of their data with the COEHA model supports the authors’ original prediction.

Besides intrastate conflict duration and outcome, social science is abundant in contexts to

which we can apply the COEHA model. Promising examples include: the longer interstate

conflicts last, the less of an advantage democracies have (Bennett and Stam 1998), the

worse the terms of peace are for initiators (Slantchev 2004) and the less likely countries

at territorial peace (including democracies) are to win (Gibler and Miller 2012); the later

legislators announce their positions on a controversial agenda such as NAFTA (after receiving

side payments), the more likely they are to vote for it (Boehmke 2006); and the later the

FDA approves a new drug (but just before deadlines), the higher the rates of postmarket

safety problems (Carpenter et al. 2012).

This article is organized as follows. The next section introduces the COEHA model. The

third section reanalyzes the data of Cunningham et al. (2009). The final section summarizes

the argument and offers extensions of the COEHA model.

2. MODEL

2.1 Data Generation Process

Suppose an observation of duration (e.g. civil war) ends with an event ZE at time ZT >

0. These two random variables are latent and continuous. The cumulative distribution
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functions (CDFs) and, if any, probability density functions (PDFs) of their marginal and

joint distributions are denoted by

ZT ∼ FT (zT ), ∂FT (zT )
∂zT

≡ fT (zT )

ZE ∼ FE(zE), ∂FE(zE)
∂zE

≡ fE(zE)

(ZT , ZE) ∼ FTE(zT , zE), ∂2FTE(zE ,zT )
∂zE∂zT

≡ fTE(zE, zT ).

The continuous event variable ZE is coarsened into an ordered discrete event variable YE

as follows. Let κ(−1) ≡ −∞ and κ(yE)’s be cut points indexed by a non-negative integer

yE, so that κ(yE) ≥ κ(yE − 1). If any, κ(max(YE)) ≡ ∞. YE takes the value of yE such that

κ(yE) ≥ ZE > κ(yE − 1). For example, if ZE stands for how advantaged the rebel is in civil

war, outcomes may be government victory (yE = 0), settlement (yE = 1), and rebel victory

(yE = 2).

Suppose that the censoring time is z0T and YT ≡ min(ZT , z
0
T ). If a realized value of time

is earlier than the censoring time (zT ≤ z0T ), duration is not censored and one observes a

realized value of the ordered discrete event, yE, at time yT = zT . Otherwise, duration is

censored and one observes time yT = z0T but not event yE, which takes on a missing value.

Suppose that D(yE) is a dummy variable which is equal to 0 if yE is a missing value (that

is, the observation is censored) and 1 otherwise.
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2.2 Copula

FTE remains to be explained. By construction, the quantile variables of time and event, UT

and UE, follow the standard uniform distribution:

FT (ZT ) ≡ UT ∼ U(uT ) = uT

FE(ZE) ≡ UE ∼ U(uE) = uE.

The CDF of the joint distribution of time and events can be expressed as copula (C), a

function of their quantile values:

FTE(zT , zE) ≡ C(uT , uE|θTE),

where θTE is the dependence parameter (or such a vector). According to Sklar’s Theorem,

C is unique. This paper utilizes six copulas: Gaussian, Farlie-Gumbel-Morgenstern (FGM),

Frank, Ali-Mikhail-Haq (AMH), Clayton and Gumbel (for details, see Appendix A, Nelsen

(2006), and Trivedi and Zimmer (2007)). Example contour plots of their probability density

are displayed in Figure 1 where the relatively higher density, the darker gray. (In all panels

of this figure, Kendall’s τ , a measure of dependence, remains to be 0.18, which is the same

as that of the copula estimated in the Application section below. I use R Development Core

Team (2010) for drawing figures, analyzing data and conducting simulation.)

The choice of copulas might have substantive implications. For instance, on the one

hand, the literature on civil war almost reaches the consensus that, the relatively shorter

the war (smaller uT ), the more likely is a government victory (smaller uE), because rebels

have less military capability than the government at the initial stages of the conflict. This

implies strong dependence at the left tail and corresponds to a dense area in the bottom left
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Figure 1: Example contour plots of the probability density of copulas, ∂2C(uE, uT )/∂uE∂uT .
Kendall’s τ is 0.18. The relatively higher density, the darker gray.

corner of the contour plots, except that of the Gumbel copula (Figure 1). On the other hand,

scholars do not agree on the case of long internal conflicts. Some studies show that longer

wars lead to rebel victory (Thyne 2009, p. 145), because rebels have time to mobilize human

and material resources. This means strong dependence at the right tail, namely, a dense

area in the top right corner of the contour plots such as the Gaussian (strong dependence),

FGM (weak dependence), Frank (middle level dependence) and Gumbel copulas (asymmetric

dependence). Other research, however, demonstrates that longer wars result in settlement
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(Mason et al. 1999; DeRouen and Sobek 2004) because, for both parties, the accumulated

cost outweighs the benefit of would-be victory and settlement is preferred to a continuation of

war. In this case, the contour plots of the AMH (a little asymmetric dependence) or Clayton

(very asymmetric dependence) copulas seem to be more appropriate, where dependence at

the right tail is weak. Sometimes, even within a single article, both lines of argument are

mixed (Brandt et al. 2008, 416, 420).

We can also make associated copulas. Suppose that (UT , UE) ∼ C(uT , uE). The CDF of

the joint distribution of UE ≡ 1− UE and UT ≡ 1− UT is called a survival copula;

(UT , UE) ∼ C
(TE)

(uT , uE) = uT + uE − 1 + C(uT , uE).

The contour plots of the survival copula is drawn as if we rotate that of the original copula

180 degrees (example contour plots are illustrated in Appendix A). This paper names the

copulas of (UE, UT ) and (UE, UT ), time-survival and event-survival copulas, respectively;

(UT , UE) ∼ C
(T )

(uT , uE) ≡ uE − C(uT , uE),

(UT , UE) ∼ C
(E)

(uT , uE) ≡ uT − C(uT , uE).

Their contour plots are obtained by turning over that of the original copula to the left or

upside down. These three copulas are called associated copulas.

2.3 Estimation

Parametric Model. FT is assumed to be a parametric model such as the Weibull distribution.

If duration is not censored and both yT = zT and yE are observed, the probability that event
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yE happens at time yT is

Pr(yT = zT , yE, D(yE) = 1) =

∫ κ(yE)

κ(yE−1)
fTE(yT , zE)dzE

= fT (yT )∆FE|T (κ(yE)|yT ),

where

∆FE|T (κ(yE)|yT ) ≡ FE|T (κ(yE)|yT )− FE|T (κ(yE − 1)|yT )

FE|T (κ(yE)|yT ) ≡
∫ κ(yE)

−∞
fE|T (zE|yT )dzE

≡
∫ κ(yE)

−∞

fTE(zE, yT )

fT (yT )
dzE

=
∂C(FE(κ(yE)), uT )

∂uT

≡ cE|T (uE(yE)|uT ).

uE(yE) ≡ FE(κ(yE))

I emphasize again that one of the merits of using copulas is their modularity. If we

do not employ a copula, it is sometimes difficult or impossible to derive fTE(zE, yT ) and

fE|T (zE|yT ), and much more so to integrate them. This problem becomes more severe if

FT (yT ) and FE(zE) do not belong to the same distribution family, such as exponential, or

are not conjugate with each other. By contrast, it is easy and fast to derive, calculate and

implement cE|T (uE(yE)|uT ) (to be concrete, see Appendix A). If duration is censored and

one observes yT = z0T but not yE, the probability that any event zE would happen at any
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time zT after the censoring time z0T is the same as the conventional survival probability:

Pr(yT = z0T < zT , D(yE) = 0) =

∫ ∞
yT

∫ ∞
−∞

fTE(zT , zE)dzEdzT

= 1− FT (yT )

≡ F T (yT ).

To sum up, the total likelihood L of the parameter vector θ (which is composed of

parameters of FT and FE, κ’s, and θTE), given the observed data y = (yT , yE), is

L(θ|y) ∝
N∏
i=1

[
fT (yT i)×∆cE|T (uEi|uT i)

]D(yEi)
[
F T (yTi)

]1−D(yEi)

,

where ∆cE|T (uE(yEi)|uT i) = ∆FE|T (κ(yEi)|yT i), subscript i corresponds to subject i, and N

is the number of subjects. (Appendix A shows that the seemingly unrelated discrete-choice

duration models (Boehmke 2006) are special cases of the COEHA model.)

Time Varying Covariates. If the values of covariates change during the process, we sup-

pose that an observation is censored and a new observation starts. Suppose that subject

(e.g. dyad between government and rebel) i’s duration is divided into n(i) observations (e.g.

dyad-year) and subject i’s observation j (or observation ij) lasts from time yT i(j−1) (when

it is left truncated) to time yT ij (when it is censored or, in the case of j = n(i), may have

event yEij), where j = 1, 2, . . . , n(i) and yT i0 = 0.

The probability that observation ij is censored at yT ij provided no event has happened
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by yT i(j−1) is

Pr(yT ij = z0T ij < zT ij, D(yEij) = 0|yT i(j−1) < zT ij,xT ij)

=
F T (yT ij|xT ij)

F T (yT i(j−1)|xT ij)

≡ F T |T−1(yT ij|yT i(j−1),xT ij).

where xT ij is the vector of time varying covariates for FT . The probability that event yEij

happens at yTij, provided no event has happened by yT i(j−1), is

Pr(yT ij = zT ij, yEij, D(yEij) = 1|yT i(j−1) < zT ij,xT ij)

= fT |T−1(yT ij|yTi(j−1),xT ij)×∆cE|T (uE(yEij)|uT ij),

where

fT |T−1(yT ij|yT i(j−1),xT ij) ≡
fT (yT ij|xT ij)

F T (yT i(j−1)|xT ij)

uT ij = 1−
j∏

J=1

F T |T−1(yTiJ |yT i(J−1),xT iJ)

Thus, the total likelihood is

L(θ|y) ∝
N∏
i=1

n(i)∏
j=1

[
fT |T−1(yT ij|yT i(j−1),xT ij)×∆cE|T (uE(yEij)|uT ij)

]D(yEij)

[
F T |T−1(yT ij|yT i(j−1),xT ij)

]1−D(yEij)

.

Since observations in the same subject are not independent of each other, we employ cluster-

pairs bootstrap to estimate standard errors, where a cluster (e.g. conflict involving several

parties) is composed of at least one subject (e.g. dyad between parties) and is resampled

with replacement.

Cox Model. If one does not assume any parametric model of time, one may use the Cox

model. The risk set indicator Rij(yT ) is equal to one if observation ij is at risk of an event
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at time yT , namely, yT i(j−1) < yT ≤ yT ij, and otherwise zero. Renumber each i in ascending

order of yT in(i). The Cox model assumes the following hazard of observation ij at yT ,

hij(yT ) ≡ Rij(yT )h0(yT ) exp(xT ijβT ), (1)

where h0(yT ) is the baseline hazard at yT and βT is the coefficient vector. I propose the

COEHA partial likelihood,

Lp(y|θ) ∝
N∏
i=1

[
fpT in(i)(yT in(i))×∆cE|T (uE(yEin(i))|uT in(i))

]D(yEin(i))

, (2)

where the first term is the same as the conventional partial likelihood, that is, the probability

that subject i has an event at yT in(i) conditional on at least one observation having an event

at yT in(i),

fpT in(i)(yT in(i)) ≡
exp(xT in(i)βT )∑N

I=1

∑n(i)
J=1RIJ(yT in(i)) exp(xTIJβT )

,

and

uT ij = 1− exp
(
−

i∑
I=1

j∑
J=1

hiJ(yTIn(I))D(yEIn(I))
)

(3)

(Hougaard 2000, 80, Therneau and Grambsch 2000, 266, and Aalen et al. 2008, 141). If a

subject has an event at yT , the baseline hazard at yT is estimated by the Breslow estimate,

ĥ0(yT ) ≡ 1∑N
I=1

∑n(I)
J=1RIJ(yT ) exp(xTIJβT )

.

By substituting ĥ0(yT ) with h0(yT ) in Eq. (1) (which is plugged into Eq. (3)) and maximizing

Eq. (2), we obtain the estimate of the parameters.
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3. APPLICATION

Monte Carlo simulation in Appendix B demonstrates that the two currently used meth-

ods, separate estimation and CR approaches (explained in the beginning of the article),

result in biased estimates if there is dependence among events or dependence between time

and events. Moreover, in the case of separate estimation approaches, the bias arises from

censoring as well. Based on the results, this paper reanalyzes the data which Cunningham

et al. (2009,hereafter, CGS) use in their Table 6. (Their data and STATA code (the original

publication version, not the latest updated version) were downloaded on July 6, 2012 from

http://jcr.sagepub.com/content/53/4/570/suppl/DC1.)

3.1 Data

CGS study what influences civil war duration and outcomes using the multinomial logit

approach to competing risks (MNL-CR) where censoring is the reference category. For

example, they argue that strong rebels tend to lead to shorter wars and decisive outcomes.

One of CGS’s contributions to the literature is to take into consideration not only state

but also non-state attributes such as the rebel’s strength. For that purpose, CGS (p. 584)

“split conflict involving several parties into different dyads.” The data contains 2,201 dyad-

year observations from 1946 to 2003 into which CGS divide 327 dyads (which correspond to

“subject” in this paper) in 209 conflicts (“cluster” in this paper).Duration is measured in

days (not logged). (For four dyads, after one observation ends, about one year lapses before

the next observation starts. I calculate the duration time of the 20 observations of these four

dyads after the lapse by subtracting the lapse time.)
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CGS (p. 587) classify outcomes into four categories, that is, government victory (58

dyads, 18%), rebel victory (40 dyads, 12 %), formal agreement (or negotiated settlement, 65

dyads, 20 %), and low activity (“less than twenty-five deaths per year,” 104 dyads, 31 %),

while 60 dyads (18 %) are censored. In order to change their unordered discrete event variable

into an ordered discrete variable, this paper combines formal agreement and low activity into

a new category, “no victory,” and rearranges event values in ascending order of government

victory (yE = 0), no victory (yE = 1) and rebel victory (yE = 2), where the latent event

variable zE implies the degree of the rebel’s advantage (If conditional independence among

risks, an assumption of CR models, is correct, then this collapsing procedure should not affect

estimates of the covariates’ effects on the other events, government and rebel victories. It is

the case here as displayed in Appendix C). Below, the COEHA model uses the three category

event variable, while my replication of the MNL-CR model employs the four category one

as the original analysis does.

In order to focus on what difference the COEHA and MNL-CR models make, the same

covariates as CGS (pp. 580-584) are used for time and event regressors in the COEHA model

(the median is in parenthesis). (Appendix C elaborates on why we do not have to care about

the exclusion restriction.)

• Territorial Control : a dummy variable for whether the rebels control territory and

exercise a moderate or high level of control over that territory. (0)

• Rebels Stronger and Rebels at Parity : dummy variables for whether the relative power

of rebels to governments is strong (Rebels Stronger) and at parity (Rebels at Parity),
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respectively, in terms of their ability to fight conventional wars. (0, 0)

• Legal Political Wing : a dummy variable for whether a rebel group has an explicit or

commonly acknowledged political wing, and whether the political wing is legal. (0)

• ELF Index : the national ethnic and linguistic fractionalization index which mea-

sures the probability that two randomly selected individuals belong to different ethnic

groups. (0.55)

• Ethnic Conflict : a dummy variable for whether the conflict pits distinct ethnically-

based groups against the state. (0)

• Ln GDP per Capita: the natural log of GDP per capita. (7.5)

• Democracy : a dummy variable for whether the country has a Polity score equal to or

greater than six. (0)

• Two or More Dyads : a dummy variable for whether other dyads are active in the same

conflict. (1)

• Ln Population: the natural log of a country’s population. (10.1)

When I replicate CGS’s original MNL-CR model, I add to these variables Time at State,

“the log of time at state (in days) ” (p. 588).
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3.2 Model Specification

Users of COEHA models must specify marginal distributions of time (FT ) and events (FE)

as well as the copula function (C), though they can do it one by one separately thanks to

the modularity of COEHA models. This is a great advantage of COEHA models. As for

the time model (FT ), I employ the Cox model, which assumes proportional hazards but no

specific baseline hazard (Eq. (1). CGS also utilize the Cox model in their Tables 3 and 4).

Candidates for the events model (FE) are the ordered logit and probit models. When it

comes to dependence between time and events (C), I consider the six copulas mentioned

in the second section and their associated copulas. It turns out that a combination of the

ordered logit model and the event-survival AMH copula has the lowest AIC value, 3065.7

(while the AIC values of the Cox model and the ordered logit model are 2590.5 and 481.2,

respectively, and their sum is 3071.7, which is larger than the AIC value mentioned above by

six. Appendix C displays the AIC values of all of the examined COEHA models). Therefore,

I use this model specification below.

3.3 Results

Table 1 reports the estimates of the COEHA model.

Dependence between Time and Events. The dependence parameter of the event-survival

AMH copula, θ̂TE, is significantly negative. Confusingly, this suggests positive dependence

between time and events because the event-survival AMH copula is used. The left panel of

Figure 2 shows the contour plot of the estimated copula. The right panel shows the point
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Table 1: Parameter estimates of the COEHA model of Cunningham et al. (2009)’s civil war
data (1946-2003)

Time (FT ) Event (FE)
Cox Ordered Logit

Territorial Control −0.3 −0.3
(−0.7, −0.0) (−1.0, 0.5)

Rebels Stronger 0.8 1
(0.3, 2.2) (−1, 5)

Rebels at Parity 0.4 0.9
(−0.0, 1.0) (−0.4, 2.4)

Legal Political Wing 0.5 −0.0
(0.0, 1.0) (−0.8, 0.8)

ELF Index 0.2 0.4
(−0.4, 0.9) (−1.0, 1.9)

Ethnic Conflict 0.0 −0.2
(−0.3, 0.4) (−0.8, 0.5)

Ln GDP per Capita 0.05 −0.3
(−0.11, 0.25) (−0.6, 0.0)

Democracy −0.9 0.7
(−1.4, −0.4) (0.1, 1.4)

Two or More Dyads −0.4 0.5
(−0.7, −0.1) (−0.2, 1.3)

Ln Population −0.04 −0.1
(−0.17, 0.08) (−0.4, 0.1)

κ(0) −5
(−8, −1)

log(κ(1)− κ(0)) 1.19
(1.06, 1.42)

Event-Survival AMH Copula
log((1 + θTE)/(1− θTE)) −11

(−13, −1)
NOTE: The Cox model (Eq. (1)) for time (FT ), the ordered logit model for event (FE), and
the event-survival AMH copula for dependence between time and events (C) are employed.
The 95% confidence intervals (estimated by cluster-pairs bootstrap) are in parenthesis. The
number of dyad-year observations is 2,201. The number of places to the right of the decimal
point for a measure is one more than the number of zeros to the right of the decimal point
on the standard error of this measure.
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estimates of quantiles of observed time (ûT ) for non-censored dyad-year observations on the

horizontal axis and that of latent events (ûE) on the vertical axis. Since the ordered logit

model does not estimate uE = FE(zE), but rather max(uE) = FE(κ(yE)) and min(uE) =

FE(κ(yE − 1)), the figure draws segments between the two extrema and plots the midpoints

between them. There are few observations in the bottom right corner, which is consistent

with positive dependence between time and events.
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Figure 2: The left panel is the contour plot of the estimated copula. The higher density, the
darker gray. The right panel shows the point estimates of quantiles of observed time (ûT )
for 267 non-censored dyad-year observations on the horizontal axis and that of latent events
(ûE) on the vertical axis. Each bar is a segment between the estimated cut-points (ûE(yE)
and ûE(yE−1)), and each point is the midpoint between the two cut-points of each segment.

To be concrete, positive dependence between time and events implies that, if civil wars

continue longer, rebel victory becomes more likely. Since the parameters of the COEHA

model and the MNL-CR model by CGS (their Table 6) are not comparable, Figure 3 shows
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both models’ predictions of the three event probabilities conditional on one type of event

happening. I set all covariates at their median values (in the first subsection of this section)

as CGS do in their Figure 1, which I call “the baseline scenario,” and derive confidence

intervals of both models by bootstrap. In this and the following figures, the bold lines and

the shaded areas are the point estimates and the 95% confidence intervals in the case of the

COEHA model, while the points and the vertical bars are the case of the MNL-CR model.

On the one hand, the MNL-CR model suggests that, as civil wars last longer, government

victory becomes less likely (left panel), no victory becomes more likely (middle panel, which

shows the sum of the probability of formal agreement and that of low activity), and the

probability of rebel victory does not change much (right panel). On the other hand, the

COEHA model implies that longer civil wars lead to less likely government victory and more

likely rebel victory but do not affect the probability of no victory. In addition, the confidence

intervals of the COEHA model are smaller than those of the MNL-CR model.
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Figure 3: Event probability against Time at State (in years, not logged), conditional on one
type of event happening (Pr(yE|D(yE) = 1, yT )) in the baseline scenario where all covariates
are at their median values.
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First Differences. The covariate of the most interest is Rebels Stronger. In the MNL-CR

model, the coefficient of Rebels Stronger on rebel victory is significantly positive and its

coefficients on all other events are insignificant. According to the COEHA model, however,

the coefficient of Rebels Stronger on the latent event variable (ZE, i.e. the advantage of the

rebels) is insignificant. Figure 4 shows first differences obtained by subtracting the event

probability of the baseline scenario (Rebels Stronger=0) from that of the stronger rebel

scenario which is the same as the baseline scenario except Rebels Stronger=1 (the dotted line

indicates zero first difference). The MNL-CR first differences in rebel victory probability are

significantly positive for several years, while none of the COEHA first differences are. Taking

into consideration the results of the Monte Carlo simulation in Appendix B, I suspect that

the positive effect of Rebels Stronger on rebel victory in the MNL-CR model is biased upward

by dependence between time and events. Substantively speaking, stronger rebels seem to be

more likely to win, say, in the second year than weak rebels, because wars with stronger rebels

should end earlier (that is, the coefficient of Rebels Stronger on the latent time variable (ZT )

is positive) and the prolonged conflict (large uT ) reveals unexpected weakness of the state

(large uE). Note that stronger rebels do not directly raise the marginal probability of rebel

victory (that is, the coefficient of Rebels Stronger on the latent event variable (ZE) is zero).

In the first place, CGS (p. 577) argue that “wars involving strong rebels will make a decisive

military outcome more likely, either for the rebels or for the government. Clearly, rebels are

more likely to prevail outright the stronger they are, but also ... their forces can be more

easily targeted ... with outcomes determined through conventional military tactics or formal
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negotiations, rather than rooting out clandestine insurgents in the underground” (emphasis

in the original). Actually, this “rather paradoxical finding” (DeRouen and Sobek 2004, p.

314) has been repeatedly confirmed in the literature (e.g. Mason et al. 1999; Akcinaroglu

2012). DeRouen and Sobek (2004, p. 314) explain that “a powerful army ... may simply

push more people into the arms of the insurgents and send them into hiding.” Thus, my null

result on the Rebels Stronger effect supports the original authors’ hypothesis, though they

themselves fail to find evidence for it.
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Figure 4: First differences of Rebels Stronger on event probability. The vertical axis
shows how much each event probability (conditional on one type of event happening,
Pr(yE|D(yE) = 1, yT )) changes if Rebels Stronger changes from 0 to 1 with all the other
covariates at their median values. The horizontal axis corresponds to Time at State (in
years, not logged).

The COEHA model does not always fail to find significant effects when the MNL-CR

model does find them. According to the COEHA model, the first differences of Democracy

on government and rebel victory probabilities are significantly negative and positive for the

first two years (during which almost half of non-censored dyads end), respectively (Figure 5).

The MNL-CR model, however, implies that the first differences in government victory prob-
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abilities are significantly negative only in the sixth and seventh years and the first differences

in rebel victory probabilities are (though insignificantly) even negative after the third year.

Moreover, the 95% confidence intervals of the COEHA model are smaller than those of the

MNL-CR model.
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Figure 5: First differences of Democracy on event probability. The vertical axis shows how
much each event probability (conditional on one type of event happening, Pr(yE|D(yE) =
1, yT )) changes if Democracy changes from 0 to 1 with all the other covariates at their median
values. The horizontal axis corresponds to Time at State (in years, not logged).

4. CONCLUSION

Scholars are sometimes interested in what event happens and when it happens. If there

is dependence among events or dependence between time and events, however, the currently

common methods, separate estimation and CR approaches, produce biased estimates. To

deal with these problems, this article proposes the COEHA model and demonstrates its
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usefulness by applying it to a dataset of civil wars. The results contribute to two substantive

questions as well. First, as wars become longer, rebels are more likely to win but settlement

is no more or less likely; second, stronger rebels lengthen wars but do not necessarily tend

to win, as the original authors predict but their own analysis using the CR model fails to

establish. It also turns out that, in democracies, civil wars are longer and the probability of

government (or rebel) victory is lower (or higher) than in non-democratic countries, especially

if intrastate conflicts last for less than a few years.

More importantly, we can extend the COEHA model to a larger class of event history

analysis. First, we can deal with sample selection (Boehmke et al. 2006) and informative

censoring (Huang and Zhang 2008) by making yE a dummy variable for whether an obser-

vation is selected or censored. Second, if an event variable is continuous, we only have to

suppose that, if an observation is not censored, we observe the latent event zE and substitute

the likelihood,

L(θ|y) ∝ p(yT = zT , yE = zE) = fTE(yT , yE) = fT (yT )fE(yE)
∂2C(uE, uT |θTE)

∂uT∂uE
. (4)

For instance, the longer the civil war, the more deaths (Moore 2012); the later the election,

the more votes parties in the cabinet garner (Smith 2004); the longer a party is out of

office, the more impatient it is and the smaller its share of ministerial posts obtained (Falcó-

Gimeno 2012); or the longer workers strike, the larger the wage increase (Card and Olson

1995). Finally, the dependent CR models (Gordon 2002; Fukumoto 2009), and the shared

frailty models (Box-Steffensmeier and Jones 2004, pp. 162-166) can be derived and extended

by incorporating them into Eq. (4) where one regards ZE as another duration. In the
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interdependent duration model, if the second duration is censored, the COEHA model holds

where YE is a dummy variable for whether duration is censored or not.

All told, I hope that the COEHA model, its extensions and any copula-based models are

helpful for various empirical applications and methodological issues.

SUPPLEMENTARY MATERIALS

All of the following supplemental files are contained in the file “supplementary materials.zip”.

Appendices: Appendix A elaborates on copulas and shows that the seemingly unrelated

discrete-choice duration models (Boehmke 2006) are special cases of the COEHA

model. Appendix B demonstrates Monte Carlo simulation results. Appendix C il-

lustrates additional analyses of application. (“appendices.pdf”)

Replication Files: Following the instruction in the file “readme.txt”, readers should be

able to replicate all tables and figures in the manuscript and the appendices. (“repli-

cation” folder)
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